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$D$ $=$ $K=Q(\text{ ^{ }}km)$ $h_{k}=h(D)$ $K$ $\omega_{k}=\omega_{D}$ $K$ 1
$xD$ $D$ Kronecker $S_{m}(k, i)$
Dirichlet, Gauss
Theorem (Dirichlet [3]) $m\equiv 1(mod 4),$ $m>1$
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Gauss [4] $S_{m}(8, i)$ $S_{m}(12, i)$
$m$ $S_{m}(8,1)$ $h_{1}$ $h_{2}$ $(m,$ $6\rangle=1$
$S_{m}(12$ , $h_{1}$ $h_{3}$
$m\equiv 1$ (mod4)
$S_{m}.(8,1)= \dot{S}_{m}(8,8)=\frac{1}{4}(\frac{\dot{2}}{m})^{\text{ _{}1+\frac{1}{4}}}$ 2




Gauss [4] p.301-303 Dedekind
$\bullet$ L. R\’edei [6] $m\equiv 3(mod 4)$ Sm(10, hl, 5




$m$ mod $m$ $a_{\psi}$
$S_{m}(k, i)= \sum_{\psi}a_{\sqrt y}B_{1,\psi}$
$\psi$ $(\overline{m})\chi$ odd Dirichlet $\chi$ conductor $f_{\chi}$
odd $\psi(-1)=-1$ $B_{1,\chi}$
first generalized Bernoulli $a_{\psi}$ $Q$ $\chi$
$\psi$ odd Dirichlet $\zeta=\zeta_{f_{\psi}}$
1 $f_{\psi}$ $G(\psi)=\Sigma_{a=0}^{f_{\psi}}\psi(a)\zeta^{a}$ $\overline{B_{1,\psi}}=B_{1,\overline{\psi}}$
171
Dirichlet $s,$ $\psi$ ) $=\Sigma_{n=1}^{\infty}\psi(n)n^{-s}$ $s=1$
$G(\overline{\overline{\psi}})L(1, \psi)=-\pi\sqrt{-1}B_{1,\overline{\psi}}$
Conjecture 1 $S_{m}(k, i)$ $L(1, \psi)$
$\psi$ $=$ Kronecker $xD$
(D) $=- \frac{\omega_{D}}{2}B_{1,\chi D}$
$B_{1,\psi}$ Gauss, R\’edei, Berndt
$\psi$ $\psi$
10 24
$k,$ $i$ S , $B_{1,\psi}$
$\psi$ $a\psi=0$ R\’edei
$m\equiv 3(mod 4)$ $m\equiv 1$ (mod4) $\psi$
$=$ Kronecker Conjecture 1.
Theorem 1
$L\leq 35$ $4L$ Conjecture 1
Gauss, R\’edei, Berndt [2] Bemdt $=24$
Corollary 1
$(m, 6)=1$
16$S_{m}(24,1)$ $=$ $(2( \frac{-6}{m})-(\frac{-3}{m})-7(\frac{-1}{m})+2(\frac{2}{m})+(\frac{3}{m})+7)$ 1 $+$ 2 $(( \frac{-3}{m})-1)h_{2}$
$+(2( \frac{-2}{m})+(\frac{-1}{m}I+1)h_{3}+2(\frac{-1}{m})$ 6
16 $S_{m}(2.4,2)$ $=$ $(-4( \frac{-6}{m})+2(\frac{-2}{m})+5(\frac{-3}{m})-(\frac{-1}{m})+2(\frac{6}{m})-4(\frac{2}{m})-(\frac{3}{m})+5)h_{1}$
$+2(-( \frac{-3}{m}I+1)h_{2}+(3(\frac{-1}{m})+2(\frac{2}{m})-1)h_{3}-2(\frac{-1-}{m})h_{6}$
8 $S_{m}(24,3)$ $=$ $(( \frac{-6}{m}I+(\frac{-2}{m})-2(\frac{-3}{m})-(\frac{-1}{m})-(\frac{6}{m})+(\frac{2}{m})-1)$ 1
$+2( \frac{-1}{m})h_{2}+(-(\frac{-2}{m})-2(\frac{-1}{m})-(\frac{2}{m}))h_{3}$
8$S_{m}(24, 4)$ $=$ $(2( \frac{-6}{m})-4(\frac{-2}{m})-2(\frac{-3}{m})+3(\frac{-1}{m})-2(\frac{6}{m})+2(\frac{2}{m})+2(\frac{3}{m})-3)h_{1}$
$-2( \frac{-1}{m})h_{2}+(2((\frac{-2}{m})+(\frac{-1}{m})+(\frac{2}{m})+1))h_{3}$
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16 $S_{m}(24,5)$ $=$ $(-2( \frac{-6}{m}I+4(\frac{-2}{m}I+3(\frac{-3}{m})-3(\frac{-1}{m})+4(\frac{6}{m})-2(\frac{2}{m}I$ 3 $( \frac{3}{m})+3)$ 1
$+2(-( \frac{-3}{m})+1)\text{ _{}2}+(-6(\frac{-2}{m})-5(\frac{-1}{m})-4(\frac{2}{m})-5)h_{3}+2(\frac{-1}{m}I$ 6
16 $S_{m}(24,6)$ $=$ $(-2( \frac{-6}{m})-4(\frac{-2}{m}I+(\frac{-3}{m}I+7(\frac{-1}{m})+2(\frac{2}{m})-(\frac{3}{m}I+1)$ 1
$+2(( \frac{-3}{m}I$ $1) \text{ _{}2}+(2(\frac{-2}{m})+(\frac{-1}{m})+1)h_{3}-2(\frac{-1}{m})$ 6
16 $S_{m}(24,7)$ $=$ $(2( \frac{-2}{m})-(\frac{-3}{m})-7(\frac{-1}{m})-2(\frac{6}{m})-4.(\frac{2}{m})+(\frac{3}{m})$ $1)$ 1
$+2(( \frac{-1}{m})-(\frac{3}{m}))\text{ _{}2}+((\frac{-1}{m})+2(\frac{2}{m}I+1)h_{3}+2$ 6
16 $S_{m}(24,8)$ $=$ $(2( \frac{-2}{m})+5(\frac{-3}{m})-5(\frac{-1}{m})+2(\frac{6}{m})-5(\frac{3}{m})+5)$ 1
$+2(-( \frac{-1}{m})+(\frac{3}{m}))h_{2}+(3(\frac{-1}{m})-2(\frac{2}{m}I+3)h_{3}-2h_{6}$
8 $S_{m}(24,9)$ $=$ $(-2( \frac{-3}{m})+(\frac{-1}{m})-2(\frac{2}{m})+2(\frac{3}{m})$ $1)$ 1 $+$ 2h2 –2 $(( \frac{-1}{m})+1)$ 3
8 $S_{m}$ (2 10) $=$ $(-( \frac{-6}{m})+(\frac{-2}{m}I+2(\frac{-3}{m})+(\frac{-1}{m})+(\frac{6}{m}I+(\frac{2}{m})+1)$ 1
$-2 \text{ _{}2}+(-(\frac{-2}{m})-2(\frac{-1}{m})-(\frac{2}{m}))$ 3
16$S_{m}(24,11)$ $=$ $(2( \frac{-6}{m})-4(\frac{-2}{m})-5(\frac{-3}{m}I+(\frac{-1}{m})-4(\frac{6}{m})+2(\frac{2}{m})+(\frac{3}{m}).-5)$ 1
$+2(-( \frac{-1}{m})+(\frac{3}{m}))\text{ _{}2}+(2(\frac{-2}{m})+3(\frac{-1}{m})$ $1)$ 3 $+$ 2 6
16 $S_{m}$ (2 12) $=$ $(10( \frac{-2}{m}I+(\frac{-3}{m})-9(\frac{-1}{m})+2(\frac{6}{m})-8(\frac{2}{m})-(\frac{3}{m}I+9)$ 1
$+2(( \frac{-1}{m})-(\frac{3}{m}))h_{2}+((\frac{-1}{m}I+2(\frac{2}{m})+1)$ 3–2h6
$S_{m}(24,25-i)=(-1/m)S_{m}(24, i)$
$S_{m}$ ( , i) $(i=1,2, \ldots k)$ $m$ mod $m$
$\sum_{i=1}^{k}S_{m}(k, i)=0$ (2)
$S_{m}$ ( ,




rank $B=$ $- \frac{\phi(k)}{2}$
$\phi(\cdot)$
Conjecture 2 mod Conjecture








2 $S_{m}$ ( , i) $B_{1},\psi$




$G((-))=\sqrt{m}$ $m\equiv 1$ (mod4)
( $\underline$4m)





(-4$m$ ) $= \sum_{r=1}^{m}(\frac{r}{m})\frac{2}{\pi}\sum_{n\geq 1}\frac{\chi_{-4}(n)}{n}\cos(\frac{2\pi nr}{m})$
$r$
$\frac{4}{\pi}\sum_{n\geq 1}\frac{\chi_{-4}(n)}{n}\cos(2\pi nx)=\{\begin{array}{l}1if 0<x<1/4-1 if 1/4<x<3/41if 3/4<x<1\end{array}$
Fourier
$2$ $(-4m)=S_{m}(4,1)-S_{m}(4,2)-S_{m}(4,3)+S_{m}(4,4)$
$S_{m}(4, i)=S_{m}(4,5-i)$ $\sum_{i=1}^{4}S_{m}(4, i)=0$
(-4$m$ ) $=S_{m}(4,1)+S_{m}(4,4)=2S_{m}(4,1)$
2
(A) $\sum_{n\geq 1^{\frac{\chi(n)}{n}}}^{\sin}\cos(2\pi nx)$ $7\ovalbox{\tt\small REJECT}$ ?
(B) $S_{m}($ , ?
(A)












Proposition 2. $\psi=(\cdot/m)\chi$ odd Dirichler
$B_{1,\psi}= \sum_{i=1}^{f_{\chi}}c_{i}S_{m}(f_{\chi}, i)$
$c_{i}$ $m$ mod4$f_{\chi}$ $m$
mod $mod 4.f_{\backslash }$ odd even Proposition
1.
Proposition 2. $m$ $f_{\chi}$
$\psi$ odd $\chi$ $\phi$ ( )/2 Conjecture




$\chi$ mmod $c_{i}$ mmod
mmod
Conjecture 1. $a\psi$ $m$ mod
Conjecture 1.
(B) (2)
$\ovalbox{\tt\small REJECT}($ $, i)=( \frac{-1}{m})S_{m}$ ( , $+1$ (3)
$t$
$\sum_{j=0}^{t-1}S_{m}(k, ti-j)=(\frac{t}{m})\sum_{j=0}^{[(t-1)/2]}S_{m}($ $, \frac{j\text{ }}{t}+i)+(\frac{-t}{m})\sum_{j=1}^{[t/2]}S_{m}($ $, \frac{j\text{ }}{t}-i+1)$ (4)
$i=1,2,$ $\ldots,$ $k/t$ Johnson-Mitchell [5]
( [5] $m$ )
Gauss, Dedekind $k=8,12$
(Gauss [4] Dedekind )
Conjecture 3. (2)(3) $(4)$
$\sum_{i=1}^{k}\tilde{b}_{i4}S_{m}(k, i)=0$ $(j=1,2, \ldots)$
$\tilde{B}=(\tilde{b}$
rank $\tilde{B}=$ $- \frac{\phi(k)}{2}$
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(2)(3) (4)
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